We present a detailed description of the nature of the wavefunction and spin distribution of the zero energy modes of zigzag graphene ribbons (ZGRs) in the presence of the intrinsic spin-orbit (I-SO) interaction. These states characterize the quantum spin Hall (QSH) phase in graphene ribbons. We provide analytic expressions for wavefunctions and show how these evolve as the strength of the interaction and the ribbon width are changed. For odd-width ribbons, we show that its insulating nature precludes the existence of a QSH phase. For these systems the I-SO interaction is predicted to have a stronger effect as shown by the enhancement of the gap as the interaction strength is turned on.
I. INTRODUCTION
Much of the interest in graphene, the mono-layer of carbon atoms arranged in a honeycomb lattice obtained for the first time few years ago 1,2 lies on its potential applications in electronic circuitry. As methods of fabrication improve, samples with higher mobilities and better conducting properties are produced, as shown by the recent experiments where mobilities of the order of 20 × 10 4 cm 2 /V s were obtained 3 . It is thus reasonable to expect that controlled design of sample sizes as well as of edge terminations will be possible in a near future. Of particular interest for device applications are graphene ribbons or wires where the role of confinement has greater influence on transport properties. Several theoretical studies 4, 5, 6, 7, 8 have focused on various properties of graphene ribbons modeled with two different edge terminations -and further combinations of them to represent more complicated edges. These standard model terminations are known as armchair and zigzag edges. While the physics of armchair ribbons shows the phenomena expected from confinement of a graphene sheet (the band-structure of the two-dimensional material is fully reproduced in the limit of an infinite wide ribbon) 4 , zigzag ribbons possess zero energy modes that are highly localized along the edges of the sample. These modes, with a topological origin, play an important role on the magnetic properties of the ribbon and have been the subject of extensive analytic and numerical research 9 . In this paper we present a detailed analysis of the properties of zigzag graphene ribbons (ZGRs) that includes the effects of the intrinsic spin-orbit (I-SO) interaction introduced by Kane and Mele 10,11 for graphene. As predicted in that work, the I-SO interaction gives origin to the quantum spin Hall (QSH) phase in two-dimensional graphene, a new state of matter characterized by an insulating bulk and zero energy chiral modes that are fully spin polarized. The analytic solution of a tight-binding model for the ribbon allows to write explicit expressions for the wavefunctions as functions of the I-SO interaction strength and the ribbon width. We also are able to show that only even-width ribbons can exhibit the QSH phase and show how the gap in the energy spectrum of odd-width ribbons changes with the I-SO coupling.
II. MODEL OF GRAPHENE WITH I-SO INTERACTIONS
The crystalline structure of 2D graphene is described in terms of two sublattices A and B with a lattice constant a = 2.4Å (see Fig. (1) ). The corresponding twovalued wavefunctions are spinors whose components describe the occupation of each sublattice. A nearest neighbor tight-binding model with SU(2) spin symmetry produces a Hamiltonian matrix and corresponding wavefunctions (for a given spin) of the form:
with φ(k x , k y ) = t(e iky 2b/3 + 2 cos kxa 2 e −iky b/3 ) and b = a √ 3/2. In these expressionsφ is given byφ(k x , k y ) = φ(k x , −k y ) and for real values of k y ,φ = φ * . For convenience we introduce a global gauge transformation u B → u B e iky b/3 which correspond to a redefinition of φ as
The transformation amounts to label all the atoms along each zigzag line by a unique y-coordinate. The eigenvalues of (1) are obtained in a straightforward manner as E = ±ε = ± φφ and the corresponding eigenvectors are given by:
where α is defined by φ = εe iα . For neutral graphene, Ψ + (Ψ − ) represents solutions with E > 0 (E < 0) and refers to electron (hole) conduction (valence) bands. In this , 0) and
).
language, particle-hole symmetry implies that for each electron state with energy E = ε and eigenstate α, there is a hole state with E = −ε and eigenstate given by α+π.
At the Dirac points (two independent degeneracy points in the Brillouin zone) φ = 0 orφ = 0.
To include the I-SO interaction we use its real space representation in second quantization that involves a spin-dependent second-neighbor hopping term:
with d ik as first neighbor lattice vectors connecting electrons at positions i and k, c † i the electron creation operator at site i and s z the spin along the z-direction (we have chosen the z-direction perpendicular to the graphene plane for convience) 10, 12 . Notice that this expression satisfies all the symmetries of the graphene lattice 13 . Reported values for the interaction strength t ′ obtained with various ab-initio calculations range from 1.2K to 10mK
14 . The total Hamiltonian in reciprocal space reads:
where γ(k x , k y ) = 2t ′ (sin k x a − 2 sin kxa 2 cos k y b) and s = ± stands for spin-up/down electron. The effect of the I-SO interaction as it appears in Eq. (4) is to introduce opposite staggered magnetic fields acting on opposite spins. Fig.(2) shows a schematic representation of one possible process introduced by the I-SO coupling. Below we consider only spin-up electrons. Notice that to obtain the corresponding expression for spin-down electrons it is just enough to make the replacement t ′ → −t ′ . Spin-up electrons and holes in states k x , k y have energies given by E = ±ε = ± φφ + γ 2 . The main effect of the I-SO interaction is to open a gap at the Dirac points with the system becoming a bulk-insulator 10 . As an example, electrons eigenstates (E > 0) are given by: Ψ + = χ ky e iky y e ikxx where χ ky = cos η ky e iky y e ikxx with η obtained from χ by the replacement β → π − β.
III. ZIGZAG GRAPHENE RIBBONS
To study the role of the I-SO interaction in a confined geometry we analyze a zigzag graphene nanoribbon, defined according to Fig. (1) . Hard-wall boundary conditions are imposed by setting u A = 0 on the lower border and u B = 0 on the upper border 4, 5, 6, 15 . For symmetry reasons we chose the origin of the y-axis in the center of the ribbon and the boundary conditions become:
where W is the ribbon width with a number N = W/b−1 of chains inside it. The wavefunction of the ZGR is found as follows: Because of translation invariance along the x-axis, k x is a good quantum number. For a given k x , the total wavefunction must be a superposition of degenerate states with different k y values. In the absence of I-SO there are only two degenerate spinors for a fixed value of k x : k y = k and k y = −k. Therefore the wavefunction is the superposition of these two spinors:
Application of the boundary conditions given in Eq.(6), renders b = −a with
where k satisfies
and
|ℜk/ sinh(ℜk) − ℑk/ sin(ℑk| is the normalization factor. Notice that a peculiar feature of a ZGR is that k can take complex values between two Dirac points 4, 5, 6 . Fig. (3) shows the conduction bands of a ribbon with W = 4b.
The expression of an edge state wavefunction with k x a > π is given by where k y = −iq is purely imaginary and satisfies Eq. (8) with n = 0 and α = π + iα 0 and α 0 = −qW . For k x a < π the edge state wavefunction is given by
where k y = −π/b − iq and satisfies Eq.(8) with n = N and α = iα 0 and α 0 = −qW .
A. Zigzag ribbons with I-SO interactions
Because the I-SO interaction involves second-neighbor hoping there is a new set of boundary conditions that has to be satisfied: besides those given in Eq.(6) it is necessary to impose two extra conditions given by u A (y = W/2) = u B (y = −W/2) = 0. Correspondingly, for a fixed value of k x , there are now four degenerate states at k y = (±k 1 ; ±k 2 ) as shown in Fig.4 .
Note that for some energies and values of k x , the numbers k 1 and k 2 can be complex. To guarantee the degeneracy of these points, the energy condition E(±k 1 ) = E(±k 2 ) is transformed into the condition
with τ 2 = 1/(8t ′2 sin 2 kxa 2 ) and c = cos(k x a/2). As an example let's consider the wavefunction for a spin-up state with k x a > π given by the linear combination of the four degenerate spinors:
+a 2 χ k2 e ik2y − b 2 χ −k2 e −ik2y . Nontrivial solutions of Eq. (12) exist only if the condition (13) is satisfied. In these expressions γ j = γ(k y = k j ), and k = (k 1 +k 2 )/2, q = (k 1 −k 2 )/2. The two conditions given by Eqs. (11) and (13) uniquely determine k 1 , k 2 as functions of t, t ′ and W . The effects of the I-SO interaction on the band structure have been described in a previous work 16 . There it was shown that the quasi-degeneracy of the zero energy mode is lifted and the dispersion around k x = π becomes linear. This can be shown to be the exact solution in the limit of a semi-infinite ribbon, i.e, when t ′ /t ≫ b/W . In this case, a simplified expression for the edge-band dispersion can be found because the conditions imposed by Eqs. (11) and (13) are simplified as follows: cosh 2qb = 1+τ 2 and cosh 2kb = 4c 2 (1−τ 2 ) 2 /(2+τ 2 )−1. The dispersion relation of the edge sates becomes:
which near k x a = π can be approximated by ε ≈ ±6t ′ k x a with the velocity of right (left) movers given by v = ±6t ′ a. To gain better understanding of the properties of the wavefunction associated with this mode, we analyze the behavior of the coefficients appearing in Eq.(12) as functions of the I-SO coupling strength and the ribbon width. The expressions for these coefficients are: Notice that in the limit t ′ → 0, e ik1b ≈ −2cτ 2 , b 1 → −b 2 while a1 << a 2 and both of them go to zero as t ′ → 0 as shown in Fig.6 . In this way, the wavefunction of a ZGR in the absence of I-SO interaction is recovered. On the other hand for a semi-infinite ribbon: a 1 and b 1 → 0 while a 2 → −b 2 and remains finite.
Further insight into the effect of the I-SO interaction is gained when the spin distribution of the edge state is studied. Let us take for example spin-up states with k x a > π with a given state in the conduction band (electron or right mover state) represented by
The corresponding valence band state (hole or left mover state) is given by
The spin-down electron states can be obtained by the replacement t ′ → −t ′ . The corresponding wave functions are:
for a right mover and
for a left mover. In Fig.(7) we plot the probability distribution for a spin-up right (spin-down left) mover as a function of the position y across the ribbon for two values of the I-SO coupling strength. Notice that the predicted localized 10 wavefunction becomes spin-polarized as as the I-SO interaction is turned on.
IV. RIBBON'S WIDTH AND I-SO INTERACTION
The role of the I-SO interaction becomes more pronounced for certain widths of zigzag ribbons. Ribbons with even widths W = 2M b (where M is an integer) have an odd number N of chains inside and are metals in which edge states from conduction and valence bands become degenerate at k x a = π. At the same time, ribbons with odd widths W = (2M + 1)b (with an even number N of chains inside) are insulators 16 . Thus, it is expected that the effects of the I-SO interaction will be more evident for odd-width ribbons by increasing the size of the gap. In fact, from Eq. (11) it is possible to show that at k x a = π: which results in the following energy for the edge state at
For small t ′ the energy of this mode increases and the gap (∆ = 2E 0 ) between conducting and valence bands scales as ∆ ≈ t(2t ′ /t) N . In Fig.8 we plot a typical dependence of the energy E 0 as a function of t ′ for several values of N .
V. CONCLUSIONS
We have presented a detailed analytical description of the effects of the intrinsic spin-orbit (I-SO) interaction on the wavefunction and spin-distribution properties of zigzag graphene nanoribbons. Hard-wall boundary conditions in the presence of the I-SO interaction introduce a new set of equations to be satisfied that affect both sublattices. Thus, to obtain the wavefunction for the zero energy mode it is necessary to mix four different spinors in contrast with the two needed in absence of the I-SO interaction. An analysis of the role played by each spinor (at fixed values of the coupling strength) as the ribbon width is changed shows how the wavefunction in the semiinfinite ribbon limit is recovered. These results allows to track back the origin of the predicted spin-polarized chiral edge states. We also provide explicit expressions for the corresponding wavefunctions that fully describe the spin probability distribution and show an increasing spin polarization as the interaction strength increases. The effects are expected to be more immediate for odd-width zigzag ribbons where the I-SO interaction is predicted to enhance a nascent gap that makes these systems insulators.
VI. ACKNOWLEDGMENTS
We acknowledge discussions with C. Büsser and S.E. Ulloa. This work was partially supported by the Ohio University Postdoctoral Fellowship program and by the National Science Foundation under grants nsf-dmr 0710581 and NSF PHY05-51164.
